Computing accurate approximations to the perimeter of an ellipse is a favourite problem of mathematicians, attracting luminaries such as Ramanujan [1, 2, 3]. As is well known, the perimeter, , of an ellipse with semimajor axis a and semiminor axis b can be expressed exactly as a complete elliptic integral of the second kind, which can also be written as a Gaussian hypergeometric function,
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What is less well known is that the various exact forms attributed to Maclaurin, Gauss-Kummer, and Euler, are related via quadratic hypergeometric transformations [4, 5] . These transformations lead to additional identities, including a particularly elegant formula, symmetric in a and b, [6] . In this paper, we examine the properties of a number of approximate formulas, using series methods, polynomial interpolation, rational polynomial approximants, and minimax methods. ‡ Cartesian Equation
The Cartesian equation for an ellipse with centre at H0, 0L, semimajor axis a, and semiminor axis b reads
In general, the parametric arclength is defined by
The arclength of an ellipse as a function of the parameter j is an (incomplete) elliptic integral of the second kind.
Since,
True the arclength of the ellipse is
where the eccentricity, e, is defined by
Since the parameter ranges over 0 § j § p ê 2 for one quarter of the ellipse, the perimeter of the ellipse is
where EHmL is the complete elliptic integral of the second kind.
· Alternative Expressions for the Perimeter
The above expression for the perimeter of the ellipse is unsymmetrical with respect to the parameters a and b. This is "unphysical" in that both parameters, being lengths of the (major and minor) axes, should be on the same footing. We can expect that a symmetric formula, when truncated, will more accurately approximate the perimeter for both a ¥ b and a § b.
Noting that the complete elliptic integral is a gaussian hypergeometric function, Explicitly, the Gauss-Kummer series reads
Instead, using functions. 
The hidden symmetry with respect to the interchange a¨b is revealed. 
Alternatively, this result follows directly from 8.13.6 of [7] with
. This form can be used to prove that the perimeter of an ellipse is a homogenous mean (c.f. [8] ), extending the arithmetic-geometric mean (AGM) already used as a tool for computing elliptic integrals [9].
Using functions.wolfram.com/07.07.26.0001.01, this gives yet another formula involving complete elliptic integrals. 
· Comparisons
Here we compare the seven formulas obtained above for b = 2 a, At www.ebyte.it/library/docs/math05a/EllipsePerimeterApprox05.html [1] one is encouraged to search for "an efficient formula using only the four algebraic operations (if possible, avoiding even square-root) with a maximum error below 10 parts per million. If would be also nice if such a formula were exact for both the circle and the degenerate flat ellipse."
The Gauss-Kummer series expressed as a function of the homogenous variable h  1 -4 a b ê Ha + bL 2 , reads Here is the n th -order "even-tempered" polynomial approximant, exact at h = m ê n for m = 0, 1, …, n. The 9 th -order approximant has a maximum absolute relative error of < 10 µ 10 -6 .
In For example, the [4, 3] has (absolute) relative error d 2.3 µ 10 -7 , but is not "extreme perfect". Computing the perimeter of an ellipse using a simple set of approximants demonstrates that Mathematica is an ideal tool for developing accurate approximants to special function. In particular, Ë all special functions of mathematical physics are built-in and can be evaluated to arbitrary precision for general complex parameters and variables;
Ë standard analytical methods-such as symbolic integration, summation, series and asymptotic expansions, and polynomial interpolation-are available;
Ë properties of special functions-such as identities and transformations-are available at MathWorld [9] and the Wolfram functions Site [10] and, because these properties are expressed in Mathematica syntax, can be used directly;
Ë relevant built-in numerical methods include rational polynomial approximants, minimax methods, and numerical optimization for arbitrary norms;
Ë visualization of approximants can be used to estimate the quality of approximants; and Ë combining these approaches is straightforward and leads, in a natural way, to optimal approximants.
